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ROOK THEORY, COMPOSITIONS, AND ZETA FUNCTIONS

JAMES HAGLUND

ABSTRACT. A new family of Dirichlet series having interesting combinatorial
properties is introduced. Although they have no functional equation or Euler
product, under the Riemann Hypothesis it is shown that these functions have
no zeros in Re(s) > 1/2. Some identities in the ring of formal power series
involving rook theory and continued fractions are developed.

1. INTRODUCTION

One of the most mysterious functions in analysis and number theory is the
Riemann Zeta function:

() =T[+—=  Rels)>1,

—s)
i=1 l—gq

where ¢ = 2, g2 = 3, is the sequence of prime numbers. In his great paper of 1859,
Riemann conjectured that ((s) # 0 for Re(s) > 1/2. This is now known as the
Riemann hypothesis (RH for short) and is perhaps the greatest unsolved problem
in mathematics.

In the author’s dissertation [Hal], the coefficient of n=* in (¢(s) —1)* was shown
to have an interpretation in terms of combinatorial rook theory. More recent work
[Ha2] has led to the investigation of a set of Dirichlet series with peculiar “pseudo
Euler products”. The simplest of these is

= 1
G =]] — . Re(s) > 1.
i=11 _ %
1 Git1_
1 4i42

Hoping to gain insight into the RH led the author to investigate the location of the
zeros of the corresponding Dirichlet series, with the following result:

Theorem 1.1. a) (a2(s) can be analytically continued to the line Re(s) = 0.
b) If (2(s) = 0, then ((ks) =0 for some k € Z*. Thus under the RH (2(s) has
no zeros in Re(s) > 1/2.
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Although (a2(s) doesn’t appear to satisfy a functional equation, combinatorially
it has many similarities to ((s). For example,

N p2(n)
C2(8> - o] s ’
where
(n) = 0 if ¢2 | n or giqiy1 | n for some i;
pain) = (=)« else,

with w(n) the number of prime factors of n. This bears close resemblance to the
well-known identity ¢((s)™* = > u(n)n=%, where

0 if g2 | n for some i;
(=1)%()  else.

One of the equivalent forms of the RH is that the function M(z) (defined as
D n<e M), 18 O(x'/?*€) Ve > 0 [Tic, p.370]. We show this implies the same
estimate holds for }°, . ua(n):

Theorem 1.2. Under the RH,

3 pa(n) = O(a/2+) Ve > 0.
n<x
Some unanswered questions are whether or not the assumption anw pa(n) =
O(z'/?+¢) Ve > 0 implies the RH, and if the line Re(s) = 0 forms a natural boundary
for (a(s).
Actually Theorems 1.1 and 1.2 have much more general versions, that hold for
any of our class of Dirichlet series (which arise from more complicated continued

fraction structures known as branching continued fractions, and which have an
interpretation in terms of rook theory).

Remark on notation. g; will always denote the i*" largest prime, but many of the
theorems in this paper also hold true if we replace ¢; by some arbitrary permutation
of the primes. So p; will denote the i** member of some ordering of the primes
P1,P2, ..., where each prime occurs once and only once in this list. Throughout
the article o denotes Re(s). LHS and RHS are abbreviations for left hand side and
right hand side, respectively.

2. COMBINATORIAL PROPERTIES

In this section we define the functions (.(s) and list the combinatorial identities
which they satisfy, putting off the proofs until section 6. For r > 1, set

o0
1 Vi4+Vio1+...+vi— .
ORI | (St B | £
n=1 " i>1 ‘ i
For example,

e =3 LT 0).
i>1

n=1
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Note that (;(s) = ((s), and that different orderings of the primes p1,pa,... yield
different Dirichlet series for » > 1 but not for r = 1. If s = o 4 it,

=1 Vit vigi+...+v
LACIETCED S 1 {
n=1 i>1 !
_ii 7 1
nzlng Vi,V2,. 1—pr_g

provided o > 3, where 3 is the real solution to the equation Zp p~# = 1. Note
that 8 < 2. Thus (.(s) converges for o > (3, for some 3, satisfying 1 < 3, < f8
(section 3 contains more on f3,.). All of the combinatorial properties of (.(s) listed
in this section hold for sure if & > 8. Some, such as the product identity for (,
below, hold for o > 1.

Pseudo Euler product. As mentioned earlier, {,.(s) has a factorization, into gen-
eralized continued fractions, for » > 2 as well. For example,

Gl =11 —

i=11—

—S8 —S8
p; p;
1— i+1 1— i+2
) T v, v
A== =-127) A-1=)0-1=70)

Here each term branches into 2 new terms, and in general (,.(s) has a product where
each term branches into r — 1 new terms

6 =11 —

i=1 1 —

(1— _ Py — ) (1- _ p;fr717 )
(- Tit2) - Pidr (- Tty Pigaro2,

It is easy to describe the coefficient of n=% in (,.(s)~!. Define u,(n) as follows:

0 if pip; | n for some ¢,j with |i —j [<r—1;
pr(n) = w(n)
(-1) else.

For example, if p1 = 2,ps = 3, et cetera, then us(21) = 1, but u3(21) = 0 since
pap4 | 21. Note that py(n) = u(n).

Theorem 2.1.

CT(S)_l — Z :ur(sn).
n=1

n

Corollary 2.2. (.(s) has an analytic continuation to the line o = 1, and is zero
free for o > 1.

Proof of the Corollary. Since ), pr(n)n~* converges absolutely and hence uni-
formly on compact subsets of o > 1, it represents an analytic function throughout
that region. This function agrees with (,.(s)~! for o > 3, so by uniqueness of ana-
lytic continuation also agrees with (.(s)~! for ¢ >1. Since | ¢.(s)~! |< oo in this
region, (.(s) # 0 for o > 1. O
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Some other combinatorial properties of interest:

G =3+ 11 (R i EPTLTES § (72
n=1 i

i>1 Yi
and
=11 Vit Vici+ ...+ -1
CT(S> = exp(z —— ( ) 1—1 . .- 1—r+1 ))7 n = Hp;q’
ne vy . Vi :
n=2 i>b+1 %

where b = b(n) = min,, > 4. The first identity holds as long as ¢,(0) < 2.

3. DoMAIN OF CONVERGENCE

In section 2 we mentioned that the series representation for (.(s) converges for
o > (. In this section we show (2(s) converges for o > 1, assuming we are dealing
with the canonical ordering of primes q; = 2,2 = 3, et cetera. Using the trivial
estimate (Z) < 2" we have

Ca(o) = Z n_lg 1:[1 (Vi +ViVi—1)

n=1

a+0b\ (b+c\ [c+d\ (d+e) (e+ f
Z b c d e f
2a03605ca7da’115013fgm
a,b,c,d,e,...
Cl+b b+C C+d 2d+e2e+f2f+g'”
< b ¢ d
o bczd:e 2a03ba5co7d011egl3fgm
<a+b> <b—|—c) (C—l—d) 4
2
S SPANIVA ; S
B aocQbo Eco7do — e
abed 2073b75¢7 AL T-4/p

The sum on the right can be evaluated by setting r = 2,2 = —1,x1 = —1/29, 29 =
—1/3%, 23 = —1/5%, 24 = —2/77, and z; = 0 for j > 4 in Theorem 6.2 (proved in
section 6). The result is that for o > 3,

() ()

2aa3ba 5ca7da

a,b,c,d

= 1 1 1 2 1 2 2 \°
l=(5r+ 37+ 5+ 7 — 107 — 1av — 317)
If the LHS of this equation were to approach a pole, the denominator of the RHS

would have to approach zero. Graphing it on a computer, we find that the denom-
inator is positive for ¢ > 1 (and first becomes zero around o = .97), and so the
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LHS converges for o > 1. Since

Qo)< Y <azb) <th> <Czd)2d m—

aoQbo rco7do _ o’
9ao 3bo 5oy ALT=4/p

a,b,c,d
and since the product on the right converges for o >1, we see that the domain of

convergence for (2(s) is o >1.
For r > 2,(,(0) does not converge for all o > 1 since

CT(U)<Z<aZb> <a+lca+c)_ 1

a0 3bo 5eo 11— (1/29 +1/37 +1/5°)

a,b,c

which has a pole in ¢ >1 since 1/2+41/3 +1/5 > 1. For some values of r, a better
upper bound than ( for the domain of convergence of (,.(s) can be obtained by
extending the argument given above for (s(s).

4. ANALYTIC CONTINUATION

Theorem 4.1. Set

Then C;(s) can be analytically continued to the line o = 0.
Proof. First a lemma:

Lemma 4.2. For any m,N € Z*

where

v(n) =>,v;, and b =b(n) =min,,~o% as before.

Proof. Note that for any k > N, if v > 0 and v,_1 = 0 then (”j+”;f1_1) =0 and

s0 Dy(n) = 0. Thus we need only consider integers of the form pipy'] - pi*,

where v; > 0 for N < j <k, with £ in the range N <k < N +m — 1. We have

oo

Z i ﬁ (Vj+yli;1_1>< Z VL H QVitVi-1

o YN N n J=N+1
v(n)=m v(n)=m,b(n)=N
b(n)=N v; >0,N<j<k
< 4™Mm2™ = 8™,

since 2™ is an upper bound for the number of solutions to vy +vNy41 + ...+ vk =
m,v; >0 for N <j <k. O
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Continuing with the proof of Theorem 4.1, fix § > 0, and choose N big enough
so that j > N implies p?— > 9 and also N > i. By Corollary 6.6, for o sufficiently
large,

Cn(s) = exp( Z %DQ(TL))
b(nsl:N

By Lemma 4.2,

b(n)=N m=ly SN
v(n)=m
< i il < 00, o> 0.
- 9

Hence Cn(s) is the exponential of a bounded function in o > 8. Since C;(s) can
be expressed as a rational function in Cy (s)—for example,

1

Ci(s) = =G

—we see that C;(s) is a meromorphic function in ¢ > ¢ for any § > 0 and thus for
o> 0. O

Remark. This proof can easily be modified to show that the branching continued
fractions occurring in the product formula for ¢, (s) can also be continued to the
line ¢ = 0. It is not clear whether they can be extended beyond o = 0.

Theorem 4.3. Assume that C;(s) = exp(g(s)), where g(s) is bounded in o > 4.
Then [T;_, Cj(s) is zero free in o > &.

Proof. If ¢ = 1, the product in question is the exponential of a bounded function
and is thus zero free. So assume i > 1. As is well-known, the finite continued
fraction

1
T1
1 —
2
1—
Tn—-1
1—2x,
can be written as
EQ(—LEQ, —TL3y. .., —Jln)

EQ(—LL'l, —X2,... ,—LL’n)
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where Fs is a certain polynomial (the exact definition of Fs follows Theorem 6.1).
Note that for j <i—1, Cj(s) can be written as the finite continued fraction

1
1- Py _
1 Pj+1
C;
1o S(S)
P 1
Hence
li[G = Ci(s) l:[1 Ba(=pii =pitas o =CGilsIpic)
j=1 ’ i1 Ba(=py® =piths o =Cils)p )
— Ci(s)
Eo(—py®, —p3°s .o, —Ci(s)pi %)
Since C;(s) is zero free and bounded for o > §, the theorem follows. 0

Call a permutation p1, pa, ... of the primes bounded if p; = ¢; implies |j —i| < B
for some constant B and all 7,7 > 1.

Theorem 4.4. Let p1,pa,... be a bounded permutation of the primes. Then, given
6>0,

Ga(s) = exp(g(s)) [ T Cils) [T ¢Chs)™
=1 k=1

for some integers N, M which approach co as 6 — 0. The numbers ay, are positive
integers and g(s) is bounded in o > 6 (N, M, and g depend on & but the ay do not).

Before proving this we list some consequences of Theorems 4.1, 4.3, and 4.4.

Corollary 4.5. By the analytic continuation of ((s), (2(s) extends to a meromor-
phic function in o > 0; if (2(s) = 0, then ((ks) =0 for some k € ZT.

Corollary 4.6. (2(s) has a pole at s =1/k. k € Z*.

Since s = 0 is a limit point of poles, it is an essential singularity of (a(s).
Similarly, any point on the line o = 0 is a limit point of zeros of the term

M
T ¢ks)e
k=1

as M — oo, but some or all of these zeros could conceivably be cancelled by poles
of C;(s) for some i, and the question of whether or not the line o = 0 is a natural
boundary of (»(s) remains open.

Proof of Theorem 4.4. The basic idea is to approximate C;(s) for large i by
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and show that

is approximately

01—

i>Ng k= 1
which is a product of ¢ functions modulo some bounded terms.
Fix § > 0 and choose an integer B € Z* such that p; = ¢; = |j —i| < B. Next
choose Ny so that Ng > B + 1,(qn,—p5)° > 8, and for j > Ny, C;(s) = exp(f(s))
with f(s) bounded in o > ¢ (as we did in Theorem 4.1). For o sufficiently large,

1 Dy (n
(1) Ga(s) = HCi(s)exp( Z pTE + Z —TL(S >)
i=1 m,i ! w(n)=2
m2>1,i>Np b(’r(L))>7V0

Choose N7 > 1/6. By Lemma 4.2,

Ds(n
ORI DRI R S Sl
w(n)>2 V(n)n>N1 k=No+1m=N;
b(n)>No
(since b(n) = k = all primes dividing n are > gx_p)
- 8 1
= Z ( 1) )Nl 1— 8 <

k=No+1 9k—B @ 5

since N16 >1 and ¢}, _p > 8.
Next we consider the terms inside the exponential on the RHS of (1) satisfying
2 <w(n),1 <v(n) < Ni. Let us start with v(n) = 2. The term in question is

>
i>No PiPi

which is approximately Y, v 1/(¢i—p)**(2:1/¢; can be continued to the line o =
0, where it has a natural boundary [Tic, p.215]). Thus

1 1
Z (qi—B)QS Y

i>No PiPit1

D LI S S S -

S S S S
isN, Li-B 4%-p Piy1 49%-p 49%-p Pi 4-pB

(2) =

By considering the real and imaginary parts of ¢, and using the mean value theorem
of freshman calculus, ¢ > j implies

1 1] _(si—g)4]s]
(3) ] e p
a4  4g; q;
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Thus, multiplying out the RHS of (2),

RHS of (2) = O( Y L (B4 —GioBy ) o

i>No 4B hay
4 o (¢i+B+1 — Gi—B)? 5
(4) +O( > 5750 |'s 7).
>Ny i—B
O
Lemma 4.7.
qi+k — Gi
1t+o

converges for o > 0,k > 1.
Proof. In a 1930’s article, Cramér noted that
qi+1 — qi
— qilog" g;

converges for a > 1, since the average value of ¢;+1 — ¢; is logg; [Cra]. So assume
k> 1, and let S, = ¥y, <zqi+x — ¢;- Basic facts about primes imply S; = O(z) (k
fixed). Thus, by partial summation,

Qi+k — G Sz 1 1
o = O0(5) + ) O(‘IU(F - 15)

g <x K qi<z % i+1

—o(1) + Z O(%)E}%ﬁ; — ) = 0(1),

¢ <x

using (3) and Cramér’s result. |
Continuing with the proof of 4.4, Lemma 4.7 implies the series on the RHS of
(4) converge for o > 0. The same method can be used to deal with terms in (1)

satisfying w(n) > 2 and v(n) = m,2 < m < N;j. For a fixed composition a of
m,ag + a1 + ...+ ap = m, the difference between

k
Y e 1 (aj T 1)
QS .
= p;?zosp;?‘_‘l_f_..pi_ﬁk Qo ol Q;

and

1 1 o fai+a; -1
2 a_ojl:ll<J 0 )

ms
i>Np %i-B

is bounded in modulus by a sum of terms of the form

(Qi+a +B+1 — Qi—B>(Qi+a +B+1 — Qi—B)' ) '(%’+a +B+1 — Qi—B)
(5) Z O(1> - - qma—i-d—i-l : ’
i i—B
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with 1 < ap < a1 < -+ < aqg < k. Using Lemma 4.7 and elementary estimates, this
also converges for o > 0. Putting everything together, for o sufficiently large we
now have

all 1 o,
Ga(s) = Hci(s)exp( > + > o+ ai(9),

mp's !
i<m TP 2<m<nN, 1i—B
No<i No<i

where g1 (s) is bounded in o > ¢ and d,, is a certain positive rational number. This
can be rewritten as

al h(m)
(6) G(s) = | ICz-(s>eXp( § s + 92(s))
i=1 1<m<N; *
No—B<i

with h(m) also in Q@ and g bounded in o > §. By construction,

(7) hm)y= Y B 11 (aj +ng_1 - 1) |

Qo -
agtar+...=m j>1
0(7;21

1

—~~
©
8
[l
[¢)
4
z
3
gk
8
3
>
—~
3
~—
~—
Il
—
=
g —_
S~—
5

1- — = n>1

say. Eq. (8) implies a,, € Z, and by taking logarithms,

) =3 D)

d|n
soa; =h(l)=1and ay = h(2) —h(1)/2=1.
Lemma 4.8. 2773 < g,, < 8"*1.

Proof. Eq. (9) implies

h(n) =Y h(d) < an < h(n) + Y _ h(d).
d| dn

Lemma 4.2 is equivalent to the statement h(m) < 8™; this implies the upper bound
on a, is < 8" +...+8+1 < 8"*L, For the lower bound, given a composition a of
dyag+ a1+ ...+ a =d, where d | n and d < n/2, let 3(«) be the composition
ag+ar+...+ap+u+1+1+...+1 of n, where u is the greatest integer in
(n+1)/2 and B(«) ends in n — d — u ones. Clearly the product corresponding to
B(a) in (7) is at least as big as the product corresponding to «; hence
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J

Z 1 H o+ a1 —1

an 2 - o
aptar+...+aj=n Qo i=1 ¢

« doesn’t end in ul®
for some e >

> § 1
aptai+...fa;=n

a doesn’t end in ul®
for some e > 0 and ap =1

- # of compositions of n,
o Z 1_2{ oo = 1, ends in ul®

aptai+...=n e>0
Ozo:l
n—u—2
=22 N e 1>2" S forn >3, O
e=0

By the argument below (1), if we replace g2(s) in (6) by

h(m)
g3(s) + Z praye
No—B<i %
ngm

then g3 is also bounded in o > §. We now have

C2(s) = exp(gs(s) HC H H—_ks)

i>No—B k=1

Since ay, € Z7T,

m 11— | <o Y hm)

i>No—B k= N1+1 4; No—B<i %
ngm

=exp(ga(s) say, and

-B Ny
H H ) = exp(gs(s)),
i1 e (
where g4 and g5 are bounded in ¢ > 6. Finally we get
oo Ni
Ga(s) = explg HC T
=1 (
for o sufficiently large, where |g(s)| < g5 + g4 + g5 is bounded in o > §. Theorem
4.4 now follows from the analytic continuation of the zeta function. O

Remarks. The proof of Theorem 4.4 can easily be modified to show that given
6 > 0, there exist integers N,., M,. such that N,., M, — oo as § — 0 and

N, M,
Gr(s) = exp(g(s, 7)) H Cin(s) [[ Cths)* @, r>1,

where ai(r) € Z*,a1(r) = 1,a2(r) = r — 1, and 2573 < ay(r) < 27%r* for k > 3.
Here C;,.(s) is the i'" branching continued fraction term in the product formula for
¢r(s) (section 2), and g(s,r) is bounded in o > 6.



3810 JAMES HAGLUND

For “unbounded” permutations, the method of Theorem 4.4 can at least be used
to continue (2(s) to the line o = 1/2. For example, the series

>
T PiPin
is bounded in modulus by 23 1/p*?, and terms where v(n) > 2 also converge for
o > 1/2. But the procedure breaks down when trying to continue (2(s) beyond the
half-line. Say po; = ¢;, and po; 1 > 10%; then the difference between

1 1
Z and Zq@

SonS
. PiPipa

only converges for o > 1/2 since

1 1
<2 — < 00 for o > 0.
zi:pgp;?+1 ; 1010

5. THE PARTIAL SUMS OF . (n)

Recall that M(z) = X,<zu(n), and that the RH is equivalent to the condition
M(x) = O(z'/?%€) for every € > 0. The RH also implies a similar condition for
r>1:

Theorem 5.1. Assume the RH. Then
Z pir(n) = O(x/%7¢) Ve > 0.

n<x
Proof. Theorem 5.1 is a special case of the following more general result: O
Lemma 5.2. Start with an arbitrary ordering of the primes p1,p2, ..., and let D,

denote the following infinite set:
D, ={pipj |1<i<j<i+r—1}.
Let D be any (possibly infinite) subset of D,. Then, assuming the RH,

Z w(n) = O(xY/2+) for every e > 0.
n<x
dln = d¢D

Proof of Lemma 5.2. By inclusion-exclusion,

> wn)=M@) =Y pd)M(z/d,d)+ Y u([dldg])M([d y ],[dldg])
n<x deD d1,d2€D 142
dln = d¢D di<ds
x
(10) — > pl[didads])M (=, [didads]) + — + . ..
dq,d2,d3s€D [d1d2d3]
d1<ds<ds
where [d1ds .. .ds] = the least common multiple of dy,ds, ... ,ds and
M(z,d)= Y pn).
n<zx

(n,d)=1
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It turns out that the RH also implies M (z,d) = O(z'/?¢) for any d < x; first we
show by induction that

Mz, d)= > M/m). O

m
plm = p|d

Proof. The proof is actually an induction on ordered pairs (j,x), where j = w(d).
Clearly we can assume d is squarefree. For j = 0, M (x,1) = M(z). The case 2 =0
reduces to 0 = 0. For 5 > 1, by inclusion-exclusion,

M(x,d) =M(z) = plp)M(z/p,p) + Y wlpipj)M(z/pipj,pip;) =+ — ...

pld pi,p;ld
1<J
:ZM@/% q) = Z Z M (z/qk) (by induction)
qld qld k
plk = plq
= Y M/k). O
plk :k>p\d

Next note that for any y,

IM(y,d)| < > [M(y/k)]

k
plk = pld

=0( Y (y/k)"*™)  bythe RH

k
plk = pld
1
. 1/24¢ 1/24€\ _ 1/24¢
() =0 > VR =06 ] )
k pld
plk = pld
In (10) we can assume d < z, in which case
N
1 1
11 <]l
_p—1/2—€e — —-1/2—¢’
p\dl pY =11 —q /

where ¢; is the i'" largest prime, and N is chosen so that Hf\;l @G <x< Hf\:{l ;.

Thus vazl log ¢; < logz. Since sz\il log ¢; = O(gn) by the Prime Number Theo-
rem, gy = O(log x) and thus

I1 +/2 = O(expO( Y 1/p"/*)) = O(exp(O(log"/* z))).

A p<logz
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Using this estimate in (11), we get M(y,d) = O(y*/*T€exp(O(log!/? z))) =
O(y/?*<x¢) uniformly in d for d < z. Plugging this into (10) results in

X
S um)| < IM@)| + ) IM(z/dd)|+ > M([dd],[chdg]) +
n<az deD dy,d2€D 12
dln = dgD dy<ds
ZO(.’L' )O( 1/2+e +O ZO .’L’/d 1/2+e>
deD
+0() Y. O((a/[dids])/**<) +
dl,dgep
d1<da2

(where the implied constants are uniformly bounded)

(12) =0(z e Z k1/2+e

k<z

where ¢, is the number of ways that k& can be written in the form [d1ds - - - d;], d; € D.

Given k with ¢ > 0, we can uniquely decompose k into squarefree “blocks” of
primes B1Bs ... B,, where

a) all the primes occurring in block B; occur in the list pipops ... before any of
the primes in block B;y; for 1 <¢<m —1,

b) if p; divides B; and py divides B;;1 then k — j > r (i.e. there are at least
r — 1 primes, not dividing &, between blocks B; and B;1), and

c¢) the number of blocks is maximal.

Example. If k = popspspspropispia, and r = 3, then By = papsps, B2 = pspio,
and B3 = p13p14.

Now if B; consists of the product of an even number of primes, say B; =
Pty Dty * * * Ptoy, >, decompose Bj; into “mini-blocks” as follows:

Bj = (pt1pt2)(pt3pt4)' . .(pt2q71pt2q)'

If B; contains an odd number of primes, which must be greater than 1 if ¢, > 0,
say Bj = py, + Pty decompose B; into “mini-blocks” as follows:

Bj = (pt1pt2>' : .(pt2q73pt2q72)(pthflpthpt2q+1)'

Hence
1 1 1 1
SoosIla+r—+——+ 4 —
k<z pi<a PiPi+1  PiPi+2 PiDitr—1
cp >0
1 1 1
+ o),
PiPi+1Pi+2  PiPi+1Pi+3 PiPitr—1Pit2r—2

since the terms in the product on the right are the only possible mini-blocks in
which p; is the prime with the smallest subscript.

Now a given prime p; occurs in terms in D of the form p;p;1; or p;—;p; for
1 <j <r—1, sodivides at most 2r — 2 elements in D. Thus there are at most
w(k)(2r — 2) elements in D which divide k. There are at most 2<(*)(27=2) subsets
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TaBLE I. The values of M,.(x)

X r  MJ(X) Max/z'/? X r  MJ(X) Max/z'/?
10° 1 —48 0.417 2x107 1 —953 0.324
2 307 1.236 2 —5958 1.343
3 1349 4.320 3 —17030 3.818
4 2724 8.620 4 —16134 3.616
105 1 212 0.368 4x107 1 —333 0.407
2 178 0.510 2 —8954 1.507
3 2002 2.167 3 —31911 5.090
4 6623 6.679 4 —41805 6.636
107 1 1037 0.361 6.5%x 107 1 1904 0.353
2 —2276 1.127 2 —10078 1.410
3 7018 2.290 3 —45474 5.729
4 —1599 2.243 4 —69833 8.698

of these, which gives an upper bound for ¢;. Hence
42r—2 42r—2 42r—2

Z 165 7H(1+ 1/2 + 1/2 ++ 1/2
kL/ 2+ (pipi41)' /2t (pipiya)t/2Te (pipisr—1)t/2te

k<z pilx

82r—2 82r—2 82r—2

+ + +...4+ )
(Pipit1Pi+2) /2T (Dipig1pits) /2 e (DiPitr—1Ditor—2)t/2te

82r—2 (2T2—2)

min(p;, Pig1,--- s Dit2r—2)

<JJa+ )

min(pi, Pit1s- -+ > Pigr—1) 3/2+35>

1+4+2¢

(since there are ( ) triples pipjpe, 1 <@ < j <t <i+2r—2,i fixed)

22 —1) 827
< H(1+ plTE + /e )

pi <z

(note the exponent 2r —1; p; = min(pa, Pa+1, - - - , Pat2r—2) for at most 2r — 1 values
of a)

d
r 27« 1 T 2r—1
< H 1+2e < A H (1 + pl+25)

pi<z 2d,.<p;<z 7
for some constants d,, and A,. Now
dr oy d-(2r —1)
log( H (14 —35)71) = O( Z ) = 0(1).

2, <pi<z i 2, <p;<z Pi

Thus
Ck
Z kl/2+e o),
k<zx

which together with (12) completes the proof of Lemma 5.2. O
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In Table I, M,(z) = 3, ., pr(n), and Max /2'/? = (max,<, | M, (y)|)/(z'/?).
The author would like to thank Charles Grassl of CRAY Research for running the
program on a CRAY C-90 at Mendota Heights, Minnesota. The CPU time was 86
seconds.

6. SOME IDENTITIES IN THE RING OF FORMAL POWER SERIES

Several of the combinatorial identities involving (.(s) have more general forms
in the ring of formal power series, discovered while working on problems involving
rook theory. An n x n chessboard is an n X n grid of squares; the lower left hand
square has (column,row) coordinates (1,1). A Ferrers board B is a subset of squares
of the chessboard with the property that if square (4, j) € B then all of the squares
below it and to the right of square (i,7) are also in B. A Ferrers board can be
described in terms of its “column heights”,c; < ¢y < ... < ¢,, where B consists of
the lowest ¢; squares in the ith column, for 1 < i < n. See Figure 1. Note that the
first several columns of this board have height 0.

One of the most interesting theorems about Ferrers boards is due to Goldman,
Joichi, and White, which says [GIJW];

n n

(13) a@—1)-(m—k+roi(B)=[[@+e—-i+1), =2€C,
k=0 i=1

where r;(B) = the number of ways of placing j non-attacking rooks (no two in the
same row or column) on B. Using this, the author showed in his dissertation [Hal]
that rook placements are related to compositions of vectors. Given a vector v € N,
let gx(v) be the number of ways of writing v as the sum of k nonzero vectors, each
in N?, and with each coordinate equal to zero or one. These sums were originally
studied by MacMahon; they are called unitary compositions ([Mac], p.158).

(n,n)

(1,2):(2,2)

(1, 1)y :(2,1): ... e (n,1)

n

FIGURE 1. The Ferrers board B
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\f!

Vioi

FIGURE 2. The Ferrers board G+

1). Then g(v) = 2 since

(2,1) = (1,1) + (1,0) = (1,0) + (1, 1).
Theorem 3.2.6 of [Hal] says that

Example. Let v = (2

gk(v) = _k!rﬁkiffv—),

where n = > v; and Gy is the Ferrers board in Figure 2 (the first v; columns have
height zero).

The boards G, are also connected to Simon Newcomb’s problem (originally
studied by MacMahon) which asks for the number of permutations of a multiset
with a specified number of descents. A permutation ¢ of a multiset M is a linear
list of the elements of M : o102 ounm. A descent of o is a value of i such that
o; > 0i+1. Let Ni(v) be the number of permutations of the multiset consisting
of v; copies of 7,1 < i < t, with exactly £ — 1 descents. Riordan and Kaplansky
showed that [K-R]

L1 (Gy)

Hi ’Ui!
where T}(B) equals the number of ways of placing j non-attacking rooks on the
n X n chessboard with exactly j on the board B (which is a subset of the n x n
grid). For more recent work on compositions and Simon Newcomb’s problem see
[Anl], [An2], [An3], [And], [D-R], [F-S], [Ha2], [Sil], and [Si2].

There is a natural way of generalizing the Simon Newcomb problem which has
been studied by Rawlings [Raw]. Define an r-descent of a permutation o to be a
value of ¢ such that o; > 0,41 +r — 1. Let Ni(v,r) be the number of permutations
(of the multiset consisting of v; copies of 4,1 < i < t) with exactly k — 1 r-descents
(actually Rawlings considered a g-version which depends on both r and ¢). Another
result from [Hal] is that

Nk(V) =

Tk—l (Gv,r)

(14) Nylv,r) = e,



3816 JAMES HAGLUND

Vi

Vt-l’

Vr+1

b

«—V, —

FIGURE 3. The Ferrers board Gy,

where Gy , is the Ferrers board of Figure 3 (here V., = v; + vy + ...+ v,).

Can the rook numbers 7;(Gy ;) be interpreted in terms of compositions as in the
r =1 case? Yes. Given a vector v = (v1,v2,...,0:), call v r-unitary if

a) v; =0 or 1 for all 4, and

b) any two ones in v are separated by at least r — 1 zeros (i.e. if v; = v; =1 and
i<j,then j—i>r).
For example, the vector (1,0,1,0,0,1,0) is 2-unitary but not 3-unitary.

Let gi(v,r) be the number of ways of writing v as the sum of k nonzero r-unitary
vectors. The following result is derived in [Ha2].

Theorem 6.1.
k!Tn—k:(Gv,r)
=

The definition of gi(v,r) can be expressed in terms of generating functions as
follows. Let E,(x1,x2,...,x;) denote the following function in the ring of formal
power series:

ET($1,£E2,... ,l’t): Z HZE?,

~ veN' i
Vv is r-unitary

and let

E.(z1,22,...) = tli)rgc E.(x1,22,...,%¢).

Then by definition,
Z Hac;‘-’igk(v,r) = (Br(x1, 29, ... ,2¢) — 1)F.
veNt 4

In [Ha2], (15) and the next theorem are shown to follow from Theorem 6.1 and
(13). A self-contained proof which doesn’t rely on rook theory is included here.
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Theorem 6.2. In the ring of formal power series, for any x € C,

[T —Vi—1 —Vi—2 — ... — Vj—r41
x § : v; % i
Er(wlax%"') = sz ( Vs
v i ’

(for r =1 this reduces to the binomial theorem since E(x1,z2,...) = [[,(1+x;)).

Proof. We start by showing that
z v (T—1+tvi+tvi1+... Fv,
(15)  Fo(z1,m,... ,2)" = ZH@’J( : +1>7

veENt 1 Vi
where
_ vi (Vi +tVic1+ .o+ Vi—pry1
Fo(x1,22,...,2) = ZHxZ < v )
veNt 4
First assume that « € N, and proceed by induction on z. For z = 1, (15) is trivial.
For x > 1,

Fr(z1,x9,...,2:)" = Fp.(x1,22,. .. ,xt)m_lFr(xl,xQ,... , Tt)
o v; $—2—|—’Ui—|—’Ui_1—|—...—|—’Ui_T+1
(% T ( )

veNt 1

x( Z Hx;h (Ui + vi—1 vl + Ui—r-‘rl))

veNt 4

(by the induction hypothesis)

— Z H oV Z H (x -2+ —w 4;1_ ;U:Ui—r+1 - wi—r+1>

veNt 4 0CwCv 1

y (wi + ... +wi_,~+1> .
w;

Now we need to do a sub-induction on ¢. For ¢t =1,

i r—2+v, —w w1
V1 — W1 w1

w1:O

1 1 z—1+wv
= COEFFICIENT OF (t"') IN —mM8m—— —— = .
() (1—¢t)==11-t ( U1 )

For t > 1, with v/ = (v1,... ,v4-1),

Z H T—=24v —w; +Vi—1 — Wi—1 + ... F Vipg1 — Wimpy1
V; — W;

0CwCv 1
% wi+...+wi_T+1
wj

t—1
N H(x—2+vi—wi+...+vi_T+1—wi_TH)
V; — Wy
0t-1CwCv’ i=1 ’ !
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% <’w1‘—|—...—|—’wi_7«+1> i <$—2+’Ut—’th+...+’Ut_r+1—’UJt_r+1)

w; V¢ — Wt
w=0

a0 ()

Wt
The sum over wy is the COEFFICIENT OF (¢"*) IN

1
(1 _ t)$—1+vt71—wt71+---+vt77~+1—wt7r+1 (1 _ t)wt71+---+wt7r+1+1

1
(1 _ t)m+vt—1+»»»+vt—r+l

= COEFFICIENT OF (t"*) IN

o $—1+’Ut+...+’l]t_r+1
= v .

Plugging this into (16) completes the induction on ¢ and x. Next we need to show
(15) is true for € C. Setting (F.(x1,22,...,2¢) — 1)* =3 L 2} fu(v,7), we
get

FT(JJl,LEQ,... ,$t)w = (1+Fr($1,$2,... ,J?t) — 1)1

_ ,i (i) (Fu(a1,9, ... 21) — DF
I i <Z> Fr(v.r)

veNt g k=0

= > II= (‘T_ 1+Ui+vi‘1_+"'+”i"”“> by (15).

U
veNt ¢

Comparing the coefficient of [], z;" on both sides, we see that

(17) i @) fever) = 1] (x N +vi; +...+vi_r+1) |

t
k=0 i=1

From the definition of f(v,r) given a few lines above, fi(v,r) =0if &k > . v;.
Both sides of (17) are thus polynomials in « which agree if x € N and hence are
identically equal. To show that Theorem 6.2 follows, first let z = —1 in (15);

- U4 _2+U1‘+UZ‘_ + ...t v_,
Fr(xl,xz,...,l’t) 1_2Hxi1< 1 +1)

v
veNt ¢
It is not hard to see that
ﬁ 24 v +vic1+ .. A+ vierg1) )0, if v is not r-unitary;
P U; (=1)vrtFv - if v is r-unitary

which implies

(18) F.(—x1,—x2,..., —xt)_l = FE.(r1,22,...,x¢),
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and letting t — oo we get

Er(xl,xg, e )I = Fr(—lll, —T2,. .. )_I

=> =" ol vt vt
v i ' Ui )
— ZHJ;;M <$ —Vi—1 — ’UZ‘_Z— e Ui—r+1>
v 7 T

(i) = ()

Remark. The coefficients which occur in F.(21,z2,...) have a combinatorial inter-

pretation:
H Vi + Vi1t oo+ Vipga
Uj

%

since

is the number of permutations (of the multiset having v; copies of i) with no r-
descents.

Continued fraction expansions. Let CF,.(r1,22,...) denote the following
branching continued fraction, where each term branches into r — 1 new terms;
1

I+ a7 L — E ——
O & e R CE e eec) A+ gD 3D

These structures have been the subject of several research articles and books, all
of which are in Russian or Ukranian and difficult to obtain (see [RNT] Vol. 1la,
pp.156-158). The rest of this section consists of several interesting combinatorial
properties of these functions, which were derived independently by the author but
most likely occur somewhere in the literature.

Theorem 6.3 (For r=2 this result appears in [Per]). Let CF,.(x1,22,... ,2y) de-
note the finite continued fraction CF.(x1,%2,... ,2,,0,0,0,...). Then

ET ) yeen 3 Iy
CFT(wlalQ,... ,Tp) = (!EQ T3 )

E(z1,22,... 1)
Proof. By induction on n, both sides equaling 1/(1 + 1) for n = 1. For n > 1,
CF.(x1,22,... ,%y)

1
14+ 2,CF(z2,23, ... ,20)CF(23,%4, ... ,2n) - CFp(Tp, Tps, ..., Tp)
1 . .
= —— ?(J:s?u,m T B by induction
r(22,23,... ,Tpn) E (Tr,Trg1,se. ,Tn)
B E.(za,...,xy)
 BEe(m,x3,... ,00) 21 B (T, Traoy e )
E.(z2,23,... ,Zy)

pr— . D
E.(x1,x2,...,2y)
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Corollary 6.4.
o0
Fr($1,$2, SN ) = HCFT(—zl, —Tj415- - )
i=1

provided that E-(| z1 |,| z2 |,...) < 2.

Proof. By letting n — oo in Theorem 6.3, the product on the right of Corollary
6.4 telescopes and so equals E,.(—z1,—x2,...) ! = F.(x1,2,...). The condition
E (] x1|,|z2],...) < 2 guarantees that none of the terms in the product have zero
for a denominator. O

Theorem 6.5. (For » = 2 this result occurs in some unpublished work of Doug
Bowman) In the ring of formal power series,

CFr(—xh—wm...)m = Z\;l:[w? <x+;}i B 1) z>1_[2 <Ui +"'+Ui}i—r+1 - 1) .

Proof. We have

E.(—xo,—x3,...—x¢)*
CF.(—x1,—%2,...,—x)" = r(=a, - >z (Theorem 6.3)
E.(—x1,—x2,... ,—x¢)
o v, [T —Vi—1 — oo = Uj—pry1
=5 T ( :
vEN! i>2 ’
’U1:0
X —Vi—1 — ... — Uj—p41
« 3 T ( ) )
vENt i>1 !
v2
Z [~z Z x —r — v
= H(_w”m <U1 ) <w2) (Uz - UJQ)
veNt ¢ wo =0
U3 UVt
XZZ r—Wi—1 ... = Wi—pr41
Wy
w3z=0 w=0

% —r — (Ut—1 - wt—l) — ... (Ut—r—i-l - wt—r+1)
V — Wy ’

By the Vandermonde convolution, the sum over w; equals

—Ut—1 —Vt—2 — ... = Vt—r41
Ut ’

and proceeding with an inductive argument we end up with

CF.(—x1,—%2,...,—x)" = Z H(_xi)w, (;iﬂ) H (—w—1 — Ul — vi_T_H)
i>2

veNt ¢

N v, (TH+v1—1 Vi + V-1 + ...+ Vi1 — 1
_ZH$1 ( V1 )1>H2< (] )

veNt 4

(since (}) = (—1)k(_”",;k_1)). Letting ¢ — oo finishes the proof. O
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Remark. A similar argument shows that

ﬁcFr(—xi,—$i+1,... ZH Vi H <$+U1 ‘f"Uz r+1 — 1)
i=1

()

i>m+1 Vi
Corollary 6.6. In the ring of formal power series,
Vi + V-1 + ...+ Vi1 — 1
Fr(z1,22,...) = exp ZH:E“"— H (l * _ ),
v#0 1 z>b+1 vi
where b = b(v) = min,, o .

Proof. By Corollary 6.4,

log F(21,x2,...) = ZlogCFT(—xj, —Zjq1,...)

j=1 b(V‘S:] i a>j+1
k+1+k 1 .
t+v;—1
) e ()

(by Theorem 6.5). Applying binomial inversion to the identity

G-

the sum over k and 4 in (19) equals

(=1 1)k+? Ug—l 11;] Yt k1 v;—1
Z 3 /0 T P dx

k>1 k=1

= /01(1 —x)%dr =1/v;

and the corollary follows. O
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Remark. The coefficient

Vi FUi—1+ ...
[T (v

+ Vi—py1 — 1)

i>j+1 ‘

also has a combinatorial interpretation; it is the number of permutations (of the
multiset having v; copies of i) with no r-descents, and which end with j (the smallest

element).

Example 6.7. MacMahon noted that the Rogers-Ramanujan identities are equiv-
alent to

1 1 1 1 1 1
E2(17Qaq25q35 N ) =

1_q11_q41_q61_q91_q111_q14""

and

1 1 1 1 1 1
1-@1—@Bl—q 1—¢81—q21—¢™3
Taking the reciprocal of both sides of these equations, and using the combinatorial

interpretation of the coefficients of Fy(x1,9,...) (see the remark following the
proof of Theorem 6.2), we get

1= —g")(1 =g =¢")--=> " > (-1#rers,

n>0

E2(17q27q3aq4a N ) =

AFn
Ai>Xip1—1
and
(1 - q2)(1 - q3>(1 —q ) 1 — q Z q Z (_1)#parts'
n>0 An
Ai>Xip1—1
Ai>2

Here the sums are over “semi-partitions” A of n (we allow consecutive parts to
increase, but only by at most one), and “# parts” is the number of parts of A.
7. SOME OTHER DIRICHLET SERIES

By definition, {.(s) = F.(1/p3,1/p5,...), and the combinatorial identities listed
in section 2 are thus special cases of those in section 6. Given an arbitrary subset
D of D, let

p(n), if n is not divisible by any d € D;
pp(n) =
0, else,

and set

Then, by the same argument as in Corollary 2.2, Lemma 5.2 implies that (assuming
the RH) (p(s) has an analytic continuation to the line o = 1/2, and is zero free for
o > 1/2. The choice D = D, is not the only choice for which (p(s) has a product
representation; for example, if D = {g2;—1¢2; | # > 1} then

1 1 1
(p(s) = -2 390 -5 790 -1-137
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For another example, let D = {p;p;+1 | ¢ > 1} U {p2ip2it2 | ¢ > 1}. Then

1
(s) =1 -
i>1 7 _ =8 _ Pit1
iodd - Pi iy
— 1
1—pif— o7
_ i+5
L—pify — 1 i+

(continued fractions of this type involving powers of ¢ instead of primes have ap-
plications to partition theory; see [All]).

Extension to negative r. The coefficient of 1/n® in (.(s) equals the number
of permutations of the associated multiset having no r-descents. An r-descent is
simply a value of ¢ such that o; > 0,11 +r — 1, and there is no problem in this
definition if we allow r < 1. For example, we should define

Go(s) = [0+ %x

p

since in order for a permutation to have no 0-descents, there must be an ascent of
at least one at every spot, which is possible if and only if the multiset has distinct
elements (i.e. n is squarefree). Note that {y(s) factors as ((s)/((2s), which under
the RH has all of its zeros on the line ¢ = 1/2. In general define

Gl =S ]y
n=1

By (18) and Corollary 6.6 we can write
Gr(s) = Ear(1/p1, 1/p5,.-)  (r<1)

= Fl—T(_l/p‘iv _1/p;7 e ')_1

(_1)u(n)+1

o Vj+Vj—1+~-~+Vj—r+l_1
—en( X C 1T ; )

n>1 §>b+1

Using this identity the proof of Theorem 4.4 can be extended to show that, given
6>0,

=

G (s) = ho(s) ] ¢(ks)=), v <o,
1

b
Il

where h,(s) has no poles (but may have zeros) in ¢ > § and N, — oo as § — 0.
The integers ay(r) are positive for k£ odd and negative for k even, which can be
used to show that the line ¢ = 0 forms a natural boundary for ¢,(s), r < 0.
8. r-MULTIPLICATIVE F'UNCTIONS
Although the coefficient of n™% in (,(s),

H (Vi +Vi—1+...+ Vi—r+1>
V; ’

i>1
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is not multiplicative, it does satisfy a certain generalized concept of multiplicativity.
Call a function h r-multiplicative if h(mn) = h(m)h(n) whenever p; | m,p; | n =
| 7 — i |> r. The following properties are easily established:

Let h and x be two r-multiplicative functions. Then:

1) If y(n) = >4, h(d)z(n/d), then y is r-multiplicative.

2) If (3, > h(n)/n®)~1 =3 o, w(n)/n, then w is r-multiplicative.

9. SOME QUESTIONS FOR FUTURE RESEARCH

1) Where are the poles of ¢.(s) and what are their orders?

2) Does 3, -, fir(n) = O(x/%7€) for some r > 1 imply M (z) = O(x/2+¢)?

3) One of the interesting things about C2(s) is that it admits a “natural” g¢-
version. By replacing all binomial coefficients by g-binomial coefficients we have a
function which equals (2(s) for ¢=1 and ((s) for ¢ = 0. Where are the zeros of this
function for 0 < ¢ < 1?7 (A different g-version of ((s), constructed by interpolating
Carlitz’s ¢g-Bernoulli numbers, has been introduced by Satoh [Sat].)

4) Carlitz [Car| studied the polynomials H,(\) defined by

oo

1-A H,(\)
20 — = ,
(20) A2
and Dillon and Roselle [D-R] noted the coefficients of H,, () are the Simon Newcomb
numbers Ni(v(n)) described in section 6. In the same paper Carlitz introduced
generalized Bernoulli numbers 3(n) defined by

log((s) _ & fn)
@) -1~ 2w

(B(p1p2---pr) = By, the k' Bernoulli number). If we replace ((s) by (.(s) in
(20) we generate the numbers Ny ,(v(n)) from section 6. If we make the same
substitution in (21), what properties will the corresponding numbers 3, (n) have?
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